Let ai < 02 < • • • < an be a finite sequence of positive integers containing a prime power pd with the property: a¿ ^ pka¡ for all i,j and k > 0. Then max, j ai/(ai, aj) > n.
In [4] R. L. Graham asks if the following is true: Let A be a finite sequence of n positive integers ai < a2 < ■ ■ ■ < an. Then max¿j ai/(ai,a3) > n. Several partial results have been obtained (see the references), particularly for the case where one of the o,'s is prime. The proofs for the latter follow similar lines, E. Z. Chein [2] and R. Klein [5] use G. Weinstein's improvement [9] upon R. Winterle's earlier result [10] while R. J. Simpson [7] can do without. In this paper we use refinements of the methods of Winterle [10] and Klein [5] to prove the following theorem. The sequence A is said to be p-simple for a prime p if a¿ ^ pka3 for 1 <i, j <n, k > 0.
THEOREM. Let A be p-simple for a prime p ^ 2 and let A contain a prime power ak = pd (d>0).
Then ai max-r > n.
l<i,j<n (a,, <Xj)
In order to prove the theorem we first consider the case where ai is the required prime power. For a given sequence A let A = {ai,... ,an).
LEMMA. Let A be p-simple with ai = pd (d>0). Then Oi max-r > n.
i,j (ai,aj) PROOF. We may assume d > 0, since the lemma is trivial for ai = 1. We suppose
This implies (2) an<(n-l)(an,ai)<(n-l)pd. such that hi,k is maximal with
Obviously, Tk(üi) > 0 and the maximality of hitk gives
We have for a¿ G Bk (6) ai < (n -l)pfc; otherwise a¿ = pka'i with a¿ > n, p -f a¿. This yields aj/(a¿,ai) = pkoli/pk = o¿ > n which contradicts (1). By (3), (4) and (6) we have hi¿ > d-k which implies (7) Pd\Tk(ai).
Since (oj, a¿ -pk+1) = (a¿,pfc+1) = pk for a¿ e ßfc, we get
We claim for ai G Bk, a¡ G B, (9) Tk(ai)ía3;
otherwise by (5) and (8) a}/(aj,ai) = Tfc(a¿)/(Tfc(aj),a,) > n -1 which contradicts (1).
We claim for a¿ € Bkl, a3 G Bk2, a¿ / a3, By (9) and (10) F is 1-1. By (2), (4) and (7) we have for all i = 1,... ,n 0 < F(at) < (n -l)pd and pd\F(ai).
This contradiction proves the lemma. PROOF OF THE THEOREM. We may assume that A is proper, i.e. the g.c.d. of the a¿'s is 1. We may also assume that pd is the lowest p-power in A and d > 0.
We suppose (11) pha'i=ai < (n-l)(ai,ak) = (n -l)(a¿,pd) = (n -l)ph, thus a'i < n -1, so a, G Bn. Case 2. pd|a¿. Then a^ = pda'i, say. Hence a¿ > |~n/pd] and by the lemma ai < ak = pd, and by (11) pda'i = Oj < (n -l)(a¿,a!) < (n -l)ai < (n -l)afc = (n -l)pd, thus a'i < n -1, so a% € 2?^.
This proves the claim (12).
We define for h = 1,..., d Hence (s' -s)p = r -r' + 2. Since |r -r'| < p -2 we can have p|(r -r' + 2) only for r -r' + 2 = 0 or r -r' + 2 = p. The former gives r = r' mod 2, the latter r = p -1 = 0 mod 2, both contradicting the conditions on r and r'.
For C = Uft=l Ch and ß = {1,2,..., n -1} define the function F : C -* B as follows:
Indeed, ph G B, because pd G B; otherwise, since the g.c.d. of the a¿'s is 1, there is om with p f am; thus ak/(ak,am) = pd > n which contradicts (11). By (14) F is 1-1. For x gC, x -p'6 (p \ b), say, we have p f 2<Xx), so (x,F(x)) = (p'6,b± 1) = 1.
Since x € A, 2/(x) cannot belong to A, because x/(x,F(x)) > n again contradicts (11). Also, the numbers ph (1 < h < d -1) do not belong to A, because pd is the lowest p-power in A.
Thus we have found a 1-1 function F : C -* B with card(F(C) U (A n B)) = n; but F(C) U (An B) Ç B. This contradiction proves the theorem.
